We present a formalism for computing the higher-order corrections to the worldvolume action of a co-dimension one kink soliton embedded in five-dimensional heterotic M-theory. The geometry of heterotic Mtheory, as well as the effective theory which describes a five-brane wrapping a holomorphic curve by a topological kink in a scalar field, is reviewed. Using this formalism, the explicit worldvolume action is computed to second order in two expansion parameters-one describing the "warp" of the heterotic geometry and the second the fluctuation length of the soliton hypersurface. The result is expressed in terms of the trace of the extrinsic curvature and the intrinsic curvature scalar.
Introduction
There has been considerable interest in calculating the worldvolume effective action of topological solitons in various contexts. The lowest order DiracBorn-Infeld (DBI) term was given for differing theories in [1] [2] [3] [4] [5] [6] [7] [8] [9] . In [10, 11] , Gregory and collaborators presented a compelling formalism for computing higher-order corrections to the action of co-dimension one scalar "kink" solitons in the "probe brane" limit. This involves a series expansion in a parameter ǫ, the ratio of the kink thickness to the typical worldvolume fluctuation length. Using this method, the explicit worldvolume action of a probe kink in a flat background bulk space was computed [11] to second order. Recently [12] , this formalism was modified and extended to calculate the explicit higher-order terms in the worldvolume action of a scalar kink soliton in anti-deSitter (AdS) spacetime. This was carried out to second order in ǫ and a second parameter δ-the ratio of the kink thickness to the radius of the AdS space. The result contains, in addition to the usual (DBI) interaction, three higher-dimensional terms. These are proportional toK,R (4) and K 2 , whereK andR (4) are the intrinsic and extrinsic scalar curvatures of the worldvolume respectively. The DBI,K andR (4) terms are the L 2 , L 3 and L 4 conformal Galileons [13] [14] [15] [16] [17] [18] [19] [20] computed with explicit coefficients. However, K 2 is not a Galileon, and was shown to be of comparable magnitude in any region of temporal/spatial gradients.
The formalism developed in [12] allows one to explicitly compute the worldvolume effective actions of co-dimension one solitons in a much wider range of physical theories-such as superstrings and M-theory. Of particular interest is the five-brane soliton of M-theory; see, for example, [21, 22] . When compactified on a small radius Calabi-Yau threefold times an S 1 /Z 2 interval of greater length, M-theory gives rise to heterotic M-theory [23] [24] [25] . This consists of a five-dimensional bulk spacetime with two boundary walls-the observable and hidden sectors respectively-with one or more co-dimension one domain walls corresponding to five-brane solitons wrapped on holomorphic curves in the Calabi-Yau manifold [26] [27] [28] . Heterotic M-theory is particularly compelling, since the gauge connection in the observable sector [29] [30] [31] [32] [33] [34] [35] [36] can be chosen so that the low energy spectrum of the theory is precisely that of the minimal supersymmetric standard model (MSSM)-that is, three families of quarks/leptons with one pair of Higgs-Higgs conjugate superfields-along with three right-handed neutrino supermultiplets, one per family [37] [38] [39] . The topological and four-dimensional worldvolume spectrum of a single five-brane wrapped on a holomorphic curve was analyzed in [26] . However, the explicit description of this wrapped soliton in terms of the field content of heterotic M-theory has not yet been presented.
As a first approach to this problem, an effective heterotic theory was presented in [40] . This consists of the bulk space metric and dilaton of heterotic M-theory augmented by an extra scalar field χ. Topologically charged boundary walls represent the observable and hidden sectors. In addition, a specific potential energy for the dilaton and χ is added to the effective bulk Lagrangian. Using the associated BPS equations, it is shown that this theory admits a kink soliton solution which preserves four-dimensional N = 1 supersymmetry. The solution depends only on the fifth coordinate of the bulk space and represents the M-theory five-brane wrapped on a holomorphic curve. In this paper, we will use the effective five-dimensional heterotic M-theory presented in [40] and extend the BPS kink solution to include supersymmetry breaking dependence on the four worldvolume coordinates. This is accomplished using the expansion formalism developed in [12] . We then explicitly compute the higher-order corrections to the worldvolume effective action to second order in the two expansions parameters.
Specifically, we will do the following. In Section 2, the five-dimensional heterotic theory presented in [40] is reviewed. In the absense of the scalar χ, this is exactly the metric and dilaton sector of heterotic M-theory. Imposing an ansatz for these fields and the appropriate boundary conditions, we present the solution of the equations of motion, first found in [24, 25] , that is sourced at the two boundaries and preserves N = 1 four-dimensional supersymmetry. The associated BPS equations are then given and this solution is shown to satisfy them, as it must. Using the simpler BPS equations, solutions for the metric and dilaton in two different coordinate "gauges" are presented, as well as an analysis of the range of the associated fifth bulk space coordinate. This will be the background geometry in which the kink solution of the scalar χ will be embedded. Following [40] , the scalar field χ is introduced, along with a potential for both the dilaton and χ. It is shown, using a specific gauge, that the χ equation of motion admits a topological kink soliton as a solution. It is this kink that models the wrapped heterotic five-brane.
The authors of [40] go on to solve for the metric and dilaton, including the backreaction from the kink soliton. This, however, is not what is required for our analysis. Backreaction greatly complicates the calculation of the soliton worldvolume action. Instead, following [10, 11] and [12] , we will employ the "probe brane" limit; that is, the kink soliton living in the pure heterotic geometry without backreaction. It is necessary to prove that such a probe limit is well-defined within the context of heterotic M-theory. This is shown in detail in the first subsection of Section 3. Having established this, we then introduce the ǫ expansion-as well as an expansion in a second parameter δ-and use it to solve for non-supersymmetric kink solutions that, in addition to the fifth bulk coordinate, also depend on the four worldvolume coordinates. Following [10] [11] [12] , this is accomplished within the context of Gaussian normal coordinates. The associated equations for the metric and extrinsic curvature are presented, along with the equations of motion for both the dilaton and χ. The metric and extrinsic curvature equations are solved first. As discussed in [12] , the difficulty of solving the extrinsic curvature equation is greatly reduced by Weyl rescaling to a "flat" metric variable. This equation then dramatically simplifies and the new metric and extrinsic curvature are easily solved for. One then scales back to the original variables-thus solving the problem. This is accomplished to first order in ǫ.
Using these results, in the final subsection of Section 3 we solve the scalar equations of motion, beginning with the dilaton. The order ǫ 0 dilaton equation is presented and explicitly solved. We then find the exact solution for the order ǫ 1 dilaton equation and discuss its properties. Importantly, it is demonstrated that this solution is equivalent to finding the "off-shell" relationship between the original fifth bulk coordinate and the Gaussian normal/worldvolume coordinates. The order ǫ 0 and order ǫ 1 equations for χ are then presented. The order ǫ 0 equation is shown to admit the topological kink solution found above, as it must. The ǫ 1 equation, however, is considerably more involved and can only be solved numerically. We do this for several canonical choices of parameters and present the results.
In Section 4, we present the formalism required to compute the fourdimensional worldvolume action of a kink hypersurface embedded in the heterotic background geometry. Inserting results from the previous sections, the action is then calculated using the ǫ-expansion-associated with the fluctuation length of the worldvolume-as well as an expansion in the parameter δ-measuring the "warp" in the heterotic geometry. We work to second order in these parameters. To make the expressions more tractable, several additional simplifying assumptions are made. First, we set two, a priori arbitrary, parameters to specific canonical values; second, we place the kink soliton at the center of the fifth dimensional interval; and third, we assume that both the "warp radius", 1/α, and the worldvolume fluctuation length, L, lie outside this interval-that is 1/α, L > πρ/2. Doing this provides a natural cut-off for all integrals at the heterotic boundary walls. Using these physically reasonable assumptions, we explicitly compute the kink hypersurface effective Lagrangian. As in the AdS case [12] , we find that, in addition to the DBI term, there are three higher-derivative contributions. These are proportional toK,R (4) andK 2 , whereK,R (4) are the trace of the extrinsic curvature and the intrinsic scalar curvature respectively. The coefficients of these terms, as well as the overall "brane tension", depend on three parameters-the width of the kink, l, the warp, δ, and the location of the boundary walls, u 0 . For a chosen u 0 , graphs of the coefficients as functions of δ and l are presented. Finally, we partially relax our final assumption, allowing L to become smaller than πρ/2. In this case, one must cut off all integrals at ±1/ǫ. We find that only the coefficient of theK term changes substantially. A graph of this coefficient for differing values of ǫ is presented.
Kink Solitons in d=5 Heterotic Spacetime Pure Heterotic Geometry
We begin by reviewing some properties of d = 5, N = 1 supersymmetric heterotic M-theory. In the absence of any bulk three-branes, the bosonic action is given by
where g mn is the five-dimensional metric and φ is the dimensionless dilaton. The fifth coordinate y of the bulk space M 5 labels the interval between the fixed points 0 and πρ of the orbifold S 1 /Z 2 , where ρ is the radius of S 1 . M are the four-dimensional orbifold planes located at y = 0 and y = πρ respectively. Finally, parameters κ 5 and α are the dimension −3/2 Planck constant and the dimension 1 boundary charge.
It is straightforward to derive the order two Einstein and dilaton equations of motion in the bulk spacetime. These must be solved subject to appropriate boundary conditions. Imposing the ansatz
it was shown in [24, 25] that a solution is given by
where
and a 0 , b 0 and c 0 are real constants. Since e 2A > 0, h(y) must be positive over the entire range of y. Hence, c 0 must be chosen so that
Similarly, e φ > 0 requires
Note that when computed on
showing that this solution is sourced at both boundaries with the appropriate charge. Furthermore, by examining the variation of the associated fermions it was shown in [24, 25] that this solution preserves half of the d = 5, N = 1 supersymmetries, leaving a four-dimensional N = 1 supersymmetry unbroken. Thus, heterotic M-theory arises as a BPS double domain wall vacuum of the effective action (1). To find solutions that preserve d = 4, N = 1 supersymmetry, it is far simpler to use the associated first order BPS equations. For the ansatz (2), the BPS equations are given by
The signs on the right-hand side of each equation have been chosen so as to automatically satisfy the correct boundary conditions. It is straightforward to show that any solution of (8) also satisfies the second order equations of motion, but, of course, not vice-versa. To solve (8), first note that for any function B they imply
where A 0 is a constant. To go further, however, one must specify the form of B. It is clear from (2) that this is a "gauge" choice, dependent on which coordinate y is used. As a check on this formalism, consider the canonical orbifold coordinate y ∈ [0, πρ] and take
It then follows from the second equation in (8) and (9) that
respectively, where
That is, (3), (4) is a solution of the BPS equations (8), as it must be. This is the gauge in which the geometry of heterotic M-theory was originally expressed [24, 25] .
Another useful coordinate choice is to take
In this gauge the metric and dilaton are of the form
It is clear from (2) and (10) that this will be the case for any coordinate z defined by
It is convenient to choose the coefficients so that z has the same range as y, that is, z ∈ [0, πρ]. This is easily accomplished by the appropriate choice of the integration constant and by demanding that b 0 and c 0 satisfy
In order for c 0 to satisfy condition (5), one must choose the negative root of the quadratic equation and restrict
It then follows that
which has the desired range. The BPS equations in B = 0 gauge are easily solved. First, note that the second equation in (8) simply integrates to
for any z satisfying (15) . Specifying z to be (18) , the constant is fixed by noting that z = 0 implies y = 0 and, hence,
It follows that
Note from constraint (16) that this expression is always positive, as it must be. Inserting this into (9), one finds
where we have used (12) . As a check, let us express h(y) in (10) in terms of the coordinate z given in (18) . We find that
Hence, (21) and (22) are simply b 0 h 3 and a 2 0 h written in terms of the coordinate z.
It is convenient to simplify notation by defining
Equations (21) and (22) then become
respectively. The coefficients C and D are subject to contraints (6) , (17) for b 0 and (5), (16) for c 0 , but otherwise are arbitrary. Be that as it may, it is useful to note that choosing
and
It follows that the heterotic geometry will have both vanishing dilaton and a flat metric in the α → 0 limit if one takes
We will use these values when doing explicit numerical computations below. Although we will work predominantly in B = 0 gauge, it will be useful at one point in our calculation to go to a third coordinate z ′ for which
This puts the metric in manifestly conformally flat form. In B = 0 gauge, the metric can be written as
where e 2A(z) is given in (22) . It then follows that z ′ is defined by
Happily, we will only need this defining relationship in the following.
Including Bulk Three-Branes
As discussed in [26, 27] , the requirement of anomaly cancellation can necessitate introducing d = 4, N = 1 preserving 3-branes into the bulk space. A fundamental description of these branes in d = 5 heterotic spacetime has not yet been given. However, an effective theory in which a three-brane arises as a kink solution of a scalar in the heterotic geometry has been presented in [40] . Let us briefly review their formalism. In addition to the metric and dilaton, the authors of [40] introduced another dimensionless scalar field χ. The heterotic action (1) was then generalized to
Note that the function ω has dimension 1. By construction, this is the bosonic part of a d = 5, N = 1 supersymmetric effective field theory. It is straightforward to derive the order two Einstein, dilaton and χ equations of motion in the bulk, as well as the appropriate boundary conditions. However, to find solutions that preserve d = 4, N = 1 supersymmetry, it is easier to use the associated first order BPS equations. For the ansatz
the BPS equations are given by
The signs have been chosen so as to automatically satisfy the correct boundary conditions. Any solution of (36), (37) also satisfies the second order equations of motion, but not vice-versa. Note that choosing by
χ can be set to zero and the A, φ BPS conditions revert to those in the pure heterotic case (8) .
To solve the BPS equations first note that, for any choice of B and ω, equations (36) imply, once again, that
where A 0 is a constant. One must now specify ω. The authors of [40] choose
where constants m and v have dimensions 1 and 0 respectively. This corresponds to introducing the potential
into the action (33) . Choosing the coordinate gauge
they show that the χ equation (37) has a kink solution
describing a static domain wall located at z = z 0 of width
They also present the solution for the dilaton and A in this gauge. These are sourced by ω in (40) and, hence, include the "backreaction" of the geometry to the kink. However, for this reason these exact results are not of interest here and we won't present them. Note that the kink solution (43) exists in any other gauge as well, with z expressed in terms of the new coordinate.
The ǫ-Expansion and Non-BPS Kinks
In this paper, we want to generalize this static kink solution to include fluctuations of length scale L in the the remaining four spacetime coordinates.
As described in [10] [11] [12] , this will be accomplished using an expansion in the small parameter
To include the backreaction of the kink, it is necessary for consistency to generalize both the metric g mn and dilaton φ solutions, in addition to χ. Although possible, this greatly complicates the analysis. To avoid this, in [12] we employed the "probe" limit in both the flat spacetime and AdS cases, and want to use this in the heterotic theory as well. However, one must first demonstrate that the probe limit is well-defined in this context.
The Probe Brane Limit
Recall that taking ω = α brings one back to the pure heterotic case without bulk three-branes. The φ and A geometry is then completely specified; for example, by (21) and (22) in the B = 0 gauge. Now, generalize ω to
This allows the kink solution of the χ equation (37) but, since it appears on the right-hand side of each equation in (36) , introduces potential backreaction on the heterotic geometry. To analyze the probe limit, let us re-express the BPS equations (36) and (37) in terms of dimension 3 2 fields Φ andχ. We find that
where ω(χ) now has dimension 4 and M P is the dimension 1 Planck mass defined as
The specific ω in (46) now becomes
wherem andṽ have dimensions − respectively. Rescaling to dimensionless variables as
where η is a dimension 3 2 parameter, the BPS equations become
Under the assumption that parameters η and m are independent of the d=5 Planck mass, it follows that in the limit M P → ∞ the BPS equations simplify to
Note that (54) are precisely the equations for the pure heterotic geometry without three-branes, whereas (55) is the same as the χ equation which admits the kink solution. We conclude that a well-defined probe limit exists in which the kink lives in the pure heterotic background without backreaction.
Generalizing the purely z dependent kink solution to include spatial fluctuations, necessarily breaks N = 1 supersymmetry. It follows that this analysis must be conducted using the order two equations of motion. It is tedious, but straightforward, to extend the previous argument to show that the stress-energy of the χ field decouples from the order two Einstein and dilaton equations when M P → ∞. In this probe limit, the relevant Lagrangian for χ is given by
where g mn and φ are fixed in the heterotic background specified by the solutions to (54). Noting that in rescaled variables (50) becomes
the potential leading to the kink solution is given by
Note that we have subtracted off the part of the potential energy that acts as the source of the pure dilaton background solution. The associated χ equation of motion is
Since the solutions to the BPS conditions also satisfy the second order equations of motion, it follows that for background fields g mn and φ of the pure heterotic geometry, equation (59) continues to admit the kink solution. In B = 0 gauge, this is given in (43).
Gaussian Normal Coordinates
Using the probe limit, one can now generalize this to kink solutions that depend on the remaining four spacetime coordinates as well as the fifth dimension. As in the flat spacetime and AdS cases discussed in [12] , this will be achieved using a perturbative expansion in the small parameter ǫ in (45). It is most easily carried out in Gaussian normal coordinates, defined as follows. Let Σ be the kink defect worldsheet and n m the unit geodesic normal to Σ. Generalize z − z 0 , where z 0 is the location of the kink in the ǫ → 0 limit, to be the proper length along the integral curves of n m and denote z g = z − z 0 . Note that this vanishes on the specific kink hypersurface. The remaining four worldsheet coordinates of Σ will be denoted by σ µ , µ = 0, . . . , 3. Each constant z g surface has a unit normal n m , with an intrinsic metric h mn and extrinsic curvature K mn defined as
respectively. These two quantities are not independent. The metric and extrinsic curvature are related by
where L n is the Lie derivative along the n m vector field. Furthermore, in a general curved five-dimensional spacetime there is a constraint equation on the extrinsic curvature given by
For the heterotic background geometry defined above, we find that
Written in Gaussian normal coordinates the χ equation of motion (59) becomes
and φ is the background dilaton solution given by (21) in B = 0 gauge. The fact that the background dilaton solution enters the equation of motion of the kink scalar is new to heterotic M-theory, and requires us to generalize the formalism of [12] . In the probe limit where the background decouples from the χ field, the equation of motion of the dilaton φ is given by
In terms of Gaussian normal coordinates this becomes
This equation will allow us to express the fixed dilaton solution (21) in B = 0 gauge in terms of Gaussian normal coordinates.
The ǫ-Expansion
Scaling to dimensionless variables
equations (61),(62),(64) and (67) become
, we have defined
Note that, without loss of generality, we have set parameter v = 1 in the potential energy term of (71).
These equations can now be solved by expanding each dimensionless quantity as a power series in ǫ. That is, let
where each coefficient is either purely u-dependent or a function of all five coordinates (σ µ , u). Substituting these into (69)-(72), one obtains equations for each coefficient function order by order in ǫ.
The Metric and Extrinsic Curvature:
We begin our analysis by considering the h mn and κ mn equations, (69) and (70) respectively. Note that the h mn term on the right side of (70), which arises from the non-vanishing curvature tensor (63), indicates that the lowest order extrinsic curvature κ (0)mn must be non-vanishing. The same situation occurs in the AdS case [12] , and greatly complicates the solution of these two coupled equations. As discussed in [12] , this problem can be circumvented by writing these equations in terms of the rescaled metric
First consider the h mn equation (69). In terms ofh mn , this is
Using (79), it follows that
As discussed in [12] , the metrich mn is associated with the B = A gauge and the coordinate z ′ defined in (32) . Then
and (81) becomesh
and ′ = ∂ ∂u ′ . Equation (83) replaces (69) and (84) defines the exact relationship betweenκ mn and κ mn . Now consider the κ mn equation (70). Inverting expression (84) gives
Inserting this into (70), we find that the curvature term proportional to h mn exactly cancels, as do several unrelated cross terms. The result is
Finally, using (79) and (82) one finds
This equation replaces (70).
It is important to note that the inhomogenous term proportional to h mn on the right side of (70) has now been replaced by the term proportional toκ mn . Hence,κ (0)mn can vanish, simplifying the remaining calculation.
We now solve the equations (83) and (87) order by order in the ǫ expansion. First consider theh mn equation (83). Substituting (76) and (77) written in terms of ∼ variables into (83), we find to order ǫ 0 and ǫ 1 that
respectively. Similarly, inserting (76) and (77) into theκ mn equation (87), we find to order ǫ 0 and ǫ 1 that
(1)mn .
Order ǫ 0 : Since at this orderñ m =ñ 5 , it follows from (78) that
withĥ (0)mn unspecified. Hence, theh (0)mn equation (88) gives
as expected. Note that theκ (0)mn equation (90) is now trivially satisfied.
Order ǫ 1 : First consider theκ (1)mn equation (91). Instead of solving this directly, it is simpler to go back to (86). Inserting the ǫ-expansion using κ (0)mn = 0, it follows that
Therefore,κ
withκ (1)mn unspecified. Finally, insert (95) into theh (1)mn equation (89). Using (79),(82) and choosing the integration constant so thath (1)mn has a smooth δ → 0 limit, we find that
Having foundh mn andκ mn to first order in ǫ, one can now immediately determine h mn and κ mn to the same order. Inserting the ǫ-expansions of h mn andh mn into (78), and using (92) and (96), we finds that
Similarly, ǫ expanding κ mn ,κ mn and h mn in the relation (85), and using (92), (93), (95) and (96), gives
Finally, we must determine the trace of the extrinsic curvature
order by order in the ǫ-expansion. The ǫ 0 and ǫ 1 terms are given by
respectively. It follows immediately from (97) and (99) that
where we have used the fact that h 
The Scalar Equations of Motion:
The φ Equation-In the probe limit, the dilaton scalar φ is the fixed background field given by (25) in B = 0 gauge as
Although φ is fixed, the fact that it enters the χ equation of motion requires one to do an ǫ-expansion of the φ field as well. As we will see, the meaning of this is to fix the relationship between the z coordinate and the Gaussian normal coordinate z g order by order in ǫ. To do this, recall that the φ equation of motion in Gaussian normal coordinates is given by (72). To order ǫ 0 and ǫ 1 in the ǫ-expansion this becomes
respectively, where κ (0) and κ (1) are given in (103) and (104). In this paper, it will not be necessary to compute φ (2) and higher order corrections to φ.
Order ǫ 0 : It is straightforward to show that the solution of (106) is
Note that this is precisely expression (105) written in the Gaussian normal coordinate u. This follows from the fact that for L → ∞, z/l and u + u 0 are identical.
Order ǫ 1 : Since κ (1) ∝κ (1) (σ), we solve (107) using the ansatz
It follows that the σ dependence cancels out and (107) becomes a becomes a differential equation for F φ (u) given by
(110) In determining this expression, we have used (103),(104) and (108). The general solution of (110) is
where C 1 , C 2 are arbitrary constants. These constants can be completely specified by noting that there is an additional constraint on F φ . This arises from the fact that, although being expressed in an ǫ-expansion, the φ field is fixed to be the background heterotic solution (105). Inserting (105), (108) and (109) into
Taking the limit δ → 0 while holding the kink width l fixed, we get the additional constraint that
Taylor expanding (111), it is straightforward to show that this will be satisfied if and only if one chooses
In this case, the first two terms in the Taylor expansion vanish and
Expression (111) with constants (115) can be numerically evaluated for given values of C, D, u 0 and δ. Several explicit examples are presented in Figure  1 .
Finally, note that (113) can now be written as
It follows that the ǫ-expansion of φ simply relates the original dimensionless coordinate z l to the Gaussian normal coordinate u and worldvolume coordinates σ µ order by order in ǫ. For example, by definition u = 0 on the kink hypersurface Σ. It follows that the location of the hypersurface in the original z l coordinate, evaluated to order ǫ, is given by
Note that, at this stage of the calculation, the σ-dependent factorκ (1) (σ) is necessarily undetermined. It can only be evaluated from the equation of motion of the worldvolume action-which we will determine below. The χ Equation-Recall that the χ equation of motion in Gaussian normal coordinates is given by (71). To order ǫ 0 and ǫ 1 in the ǫ-expansion this becomes
respectively, where κ (0) ,κ (1) are given in (103),(104) and φ (0) ,φ (1) in (108),(109). It will not be necessary to compute χ (2) and higher order corrections to χ.
Order ǫ 0 : It is straightforward to show that the solution of (120) is
Note that this is precisely expression (44) written in the Gaussian normal coordinate u with v = 1. This follows from the fact that for L → ∞, z/l and u + u 0 are identical.
Order ǫ 1 : Since κ (1) , φ (1) ∝κ (1) (σ), we solve (121) using the ansatz
It follows that the σ dependence cancels out and (121) becomes a becomes a differential equation for F χ (u) given by
Unlike the case for F φ , we can only solve the F χ equation numerically for given values of C, D, u 0 and δ. Several explicit examples are presented in Figure 2 . We conclude that to this order in ǫ,
is kink soliton that depends on the four spacetime coordinates σ µ as well as on u. As in the flat spacetime and AdS cases discussed in [12] , χ is continuous, but not continuously differentiable, across the u = 0 hypersurface.
The Worldvolume Effective Action
The worldvolume effective action for the kink soliton in χ can now be calculated to any required accuracy in the ǫ expansion. It is given by
L χ is the decoupled χ Lagrangian density (56). It convenient to write z g = lu and let
where L is dimensionless. Then
First consider the factor J. The metric g mn is the background heterotic metric (14) , (26) in B = 0 gauge. Taylor expanding √ −g around the location of the kink hypersurface, that is, u = 0 in Gaussian normal coordinates, we find
(130) Using (60),(63) and h mn h mn = 4, gives
Next consider the dimensionless Lagrangian density. Neglecting the spatial derivative terms, which are higher-order in ǫ than required in this paper, L is given by
Inserting the ǫ expansions of the background dilaton (112) and the χ kink solution (125) into this expression, it follows that
The component Lagrangians L (i) are complicated functions of φ (0) ,φ (1) ,χ (0) and χ (1) . For example,
that is, the original Lagrangian evaluated on the field configurations. Before presenting the other component Lagrangians, however, we simplify the calculation in two ways. First, recall that the expressions for φ (0) ,φ (1) and χ (1) , given in (108),(109), and (123) respectively, contain the arbitrary constants C and D. In the case of φ (1) and χ (1) , they enter through the functions F φ in (111),(115) and F χ in (124). We will henceforth, for specificity, make the canonical choices
as first discussed in (29) and used in calculating Figures 1 and 2 . Second, in addition to the ǫ expansion in (135) we will also do a systematic power series expansion in the small parameter δ. To avoid having to compute φ (2) and χ (2) , we work to second order in the expansion parameters only. The δ parameter enters in two ways-through the Lagrangian density (134) itself and in the expressions for φ (0) ,φ (1) and χ (1) . The function φ (0) appears in L (0) and, hence, one must Taylor expand (108) to order δ 2 . The δ dependence of φ (1) is contained in the function F φ , and recall that F φ ∝ δ. Since φ (1) does not occur in L (0) , we need only its lowest order value. Using (116),(117) and (137), we find to lowest order that
The δ dependence of χ (1) is contained in the function F χ , which begins at order δ 0 . Hence, we will need the first two orders in its δ-expansion. For this purpose, it will be useful to write
where, for example, F
χ is the solution to the F χ differential equation (124) in the δ → 0 limit with C and D set to their canonical values. Using the equations of motion (106),(107) and (120),(121) for φ (0) ,φ (1) and χ (0) , χ (1) respectively, and then expanding these fields as a power series in δ, each L (i) splits into its flat-space value plus terms which depend on δ. Explicitly, to O(ǫ 3 , ǫ 2 δ, ǫδ 2 , δ 3 ) we find that
and we have defined χ (1)flat = F
χκ (1) . Note that it is not necessary to expand χ (2) since this only appears as a total derivative term which we will drop. To the order we are working, the δ-dependent terms are given by
with ∆
Note that we have not presented the formula for ∆ (2) since it contributes an O(ǫ 2 δ) term to the effective Lagrangian.
At this point, we introduce two additional simplifications. First, note that the parameter u 0 = z 0 /l enters all but the L (0)flat term in (140). Recalling that the z parameter has the range 0 ≤ z ≤ πρ, we now, for simplicity, choose the kink hypersurface to be at the center of this interval in the ǫ → 0 limit. That is, we take
It follows that the Gaussian normal coordinate u lies in the symmetric range −πρ/2l ≤ u ≤ πρ/2l. It is important to note from (25) , (26) and the fact that z ∈ [0, πρ] that choosing D = 1/2 restricts 1/α > 2πρ and, hence,
We will impose this restriction henceforth. Second, since we are expanding in the small parameter ǫ, the fluctuation length L of the kink hypersurface should be large compared to the kink width. It is natural, therefore, to simply take L > πρ/2 and, hence,
It follows from these two conditions that, since 1/α and L lie outside the heterotic interval, the boundary walls at ±u 0 will act as a natural cut-off for any integrals appearing in the calculation. Multiplying J and L gives
Note that we have dropped ǫL flat(0) J (1) since it is odd in u and thus integrates to zero over the symmetric integration region. In order to relate the wall extrinsic curvature κ| u=0 to the functionκ (1) appearing in ∆ (1) , we substitute the expansions for h mn and κ mn into (101). Expanding in δ and evaluating at u = 0, we find the relation
Inserting the expressions for ∆ (i) and writingκ (1) in terms of κ| u=0 , we find that JL = 2χ 
χ ) ′ among others. These total derivatives integrate to boundary terms which are rapidly decaying functions of u. Thus, provided we take the boundary walls to be at a sufficiently large distance from the kink hypersurface in units of l, such terms are extremely small and can be ignored. Defininĝ
the effective Lagrangian is then given bŷ 
It follows from the metric (14) , (26) that the five-dimensional Ricci tensor for the heterotic background geometry in B = 0 gauge is
Using (118) to relate the B = 0 gauge coordinate z to the dimensionless Gaussian normal coordinate u, Taylor expanding in both ǫ and δ to the required order, as well as setting D = 1/2 gives
Similarly, from (131) we find
mn n m n n = 20 9
Putting this together, it follows that to the required order .
Note that in the limit α → 0 and, hence, δ → 0, Lagrangian (175) becomes the flat spacetime Lagrangian presented in [12] . For a specified value of u 0 , the overall coefficient M For completeness, we consider the implications of relaxing assumption (151). In this case, the natural cut-off in units of l is 1/ǫ. Repeating the above calculation with the new cut-off, we find that M 0 , C I and C II are almost unaffected whereas C 0 can receive sizable corrections. These are displayed for various values of ǫ in Finally, we note that all σ µ -dependent quantities in the effective actionthat is, √ −h| u=0 ,K,R (4) andK 2 -can be expressed in terms of a worldvolume scalar field π(σ) corresponding to translation in the fifth direction in heterotic spacetime. The explicit formulas are presented in the Appendix.
